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Abstract. The problem of controlling a two-
link crane-manipulator depends on the level of
complexity of the system. When using a two-link
manipulator, two problems need to be solved. The
first problem is that you need to define the control
parameters in such a way that the given position of
the manipulator changes according to the corre-
sponding trajectory. The second problem is that in
order to achieve the desired position of the ma-
nipulator, it is necessary to correctly parameterized
the mathematical model of the control system. One
of the problems that affects the accuracy of manip-
ulator control is the correct construction of ade-
guate dynamic control models.

In this article was propose to consider a direct
method of developing a dynamic model of the
crane-manipulator. It was propose to apply a math-
ematical model, which is built on the principles of
theoretical mechanics by applying the Lagrange
equations of the second kind.

To modeling a dynamic model of a two-link
crane-manipulator, the kinetic and potential ener-
gies of the component systems of the manipulator
were determined, and on the basis of the Lagrange
equation of the second kind, dynamic equations of
motion were obtained.

The dependences between the capturer coordi-
nates and the generalized coordinates were also
determined. These dependencies helped to estab-
lish the control equations that allow controlling the
movement characteristics of the two-link manipu-
lator.

Keywords: manipulator, Lagrange equation,
kinetic energy, dynamic model, equation of mo-
tion.
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INTRODUCTION

Recently, the use of manipulators and ro-
bots has become widespread in the construc-
tion industry [1]. Such systems significantly
increase the speed of execution of technologi-
cal construction processes, and significantly
reduce material costs [2].

One main problems of effective application
of robotic systems and cranes-manipulators is
the use of adequate dynamic models of their
control. In particular, one of the difficult tasks
is the analytical control of the given trajecto-
ries of the movement of the working body [3,
4].

Developing a mathematical model of a two-
link manipulator is one of the most important
tasks in the development of robotics. With the
aid of mathematical analysis, it was possible to
create an adequate model of a two-link lifting
system crane-manipulator, which will allow
predicting its behavior in various conditions.

PURPOSE OF THE ARTICLE

Main purpose this article to develop the dy-
namic model of control of a two-link lifting
boom system crane-manipulator, which would
take into account the laws of control of the
working body.

PRESENTING MAIN MATERIAL

Let's consider a listing boom system crane-
manipulator consisting of two independently
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moving links 1, 2 with actuators and a gripper
K (see Fig. 1). The movement of the manipula-
tor links is carried out by actuators A and B,
which are not shown in the diagram under
consideration.

b

Fig. 1. View of the jib lifting system of the two-
link crane-manipulator (a) and its dynamic model

(b)

In this dynamic scheme of the dynamic
model of the manipulator, the following as-
sumptions are made:

e my — the mass of the first link, which is

concentrated in the center of this link at a

distance 1/2L, from its turning point;
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e m — the mass of the second link and the
moving object in the gripper, which is con-
centrated at a point K.

The rotation angle is taken as the general-
ized coordinates in this diagram of the two-
link manipulator o of the first link relative to
the horizontal surface and the coordinate q
moving the second link relative to the first.

The kinetic energy of the considered kine-
matic system of the manipulator is determined
as a function of generalized coordinates and
generalized velocities.

The kinetic energy of link 1, which rotates
around point O, will be [5]:

J 1(’312
2

T = ) (1)

where:
J, - the moment of inertia of the rotary link
relative to point O;
o, - an angular velocity of the rotary link.
The kinetic energy of link 2, which rotates

around point O and simultaneously moves
along the axis of link 1, will be [5]:

_ J5. 0 + m,v; , 2)

T
2 2 2

where:
J,. - combined moment of inertia of the rotary

link 2 relative to the point O;

®, - an angular speed of rotation of the link 2;
m, - weight of link 2 with load,;

v, - linear speed of movement of the link 2.

The speed of movement of link 2 is deter-
mined through projections of its speed [6]:

dx ) (dy )
- || 2 , 3
L2 \/[dt]J{dt @)
where;

X« =(q+L,))cosa, vy =(q+L,)sina.
The time derivatives of the velocity coordi-
nates will be:
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dstK: % =Gcoso —a(q+L,)sina, (4)
W _ =(sina+a(q+L,)cosa, (5)
at =Yx =QsSina+a(g+L, a,

Squares of velocities by projections

X2 =¢°cos’ a+a’(q+L,)°sin® o — )

—2qgacoso(g+L,)sina,

V2 =q%sina+a’(q+L,)*cos’ a+ @)
+2gasin a(g + L,) coso.

Taking into account the dependence (6), (7)

and (3), the square speed of link 2 can be de-
termined through generalized speeds

v; =0"+(Q+L,)°a’ . (8)

So, as the angular velocity of link 2 coin-
cides with the angular velocity of link 1, we
denote:

O =0 ®,=0. 9)

The kinetic energy of the boom system of
the considered two-link lifting boom system
crane-manipulator will be:

<2

22
J,a

J,.a
2
Mm@+ (@+ L))
5 )

T=T+T, =

+ +

(10)

According to Steiner's theorem, we will ac-
cept the following assumption for link 2 [7]:

Jye :J2+m2p2, (11)

then for p=(q+L,), was obtain the following

expression of the kinetic energy of the system
under consideration:

22

22
m
J:6°  myg

+m,(q+L,)%a%, (12)

where;
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J, = (% m, L +ém2L22) - the moment of iner-

tia of the boom system is presented,;

L, L,, m, m, - length and mass of the cor-
responding components of the manipulator's
mechanical system.

In accordance with the selected generalized
coordinates of a mechanical system with two
degrees of mobility, we have the following
system of second-order Lagrange equations:

YT T g,
dt\éa) oo

(13)
dar)_ar _q
dt\ag) ag

where:
Q.. Q, - generalized forces.

The components of the above equation was
define:

or

=
% =J,a +2mya(q+L,)*;  (15)

0; (14)

%[%}z\lzd+2mzd(q+ L) + (16)
+4m,a(q+L,)q;
%:Zmzdz(m L,); (17)
o (19)
(& )-ma (19)

Substitute the resulting dependencies (14) —
(19) into equation (13) and obtain the dynamic
equation of motion of the two-link manipulator

Joé+2m,a(q+L,)% +4m,aq(q+L,) =
=M —%cow—ng(q+ L,)cosa; (20)

m,¢ —2m,&’(q+L,) =P -m,gsina,
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where:
M, P — the driving moment of the movement
of link 1 and the driving force of the move-
ment of link 2.

The dependence of the generalized coordi-
nates on the coordinates of the position of the
cargo was found:

o= arctan(ﬁ) ; (21)
xk
X
q= -L,. (22)
cos(arctar(ik))

k

The first time derivative of expressions (21)
and (22) will have the following form

d:_yk)z(k—'_);kyk; (23)
X+ Yy

X X+ Y, Y

q: k Nk ykyk (24)

=
Xy /1+Z;
k

Derivatives of the second order will have
the form, respectively:

a 2 .2
(Xk + Yk

_Xf 2%y, + ykxk)+xsyk + (25)

+ X Vi (2%5 = 2Y5 + Y, Vi)
1

- :
Xy (Xf + ylf )\’14_)’7;;
Xy

+Xl<z(ylf+xkxk)+y|§yk+ (26)

+ X, Y (_Zxk YK + X yk ))

1 Lo .
:—)g(ys(zxkyk =Y X)) —

(YE (le + X % ) +

CONCLUSIONS

Analyzing equation (20), we note that if the de-
rivatives of the generalized coordinates of the ma-
nipulator are replaced by expressions (25) and
(26), then it will be possible to obtain the depend-
ences of the driving moment and the driving force
for this mathematical model of the manipulator.
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Anotauis. I[IpobGrema KepyBaHHS JBOJAHKO-
BAM MaHIITyJISITOPOM 3aJIS)KHUTH BiJl PIBHS CKJIaTHO-
cTi cuctemu. lIpu BHKOpUCTaHHI JIBOJAHKOBOTO
MaHIyIATOpa MOTPIOHO BUPIIINTH ABI MPOOIEMH.
[lepma mpobiema momnsirae B TOMY, IO MOTPIOHO
BU3HAYUTH MapaMeTpu KEPyBaHHS TaKUM YUHOM,
mo6 3a7aHa MO3UIisI MaHIMyIATOpa 3MIHIOBaIaCh
3a BIANOBIMHOIO TpaekTopieto. Jlpyra mpobiiema
MOJISATa€ B TOMY, IO IJIS OCSTHEHHS MOTPiOHOT
Mo3uLii MaHImynsATOpa MOTPiIOHO MPaBUIBHO Ma-
paMeTpu3yBaTH MaTeMaTHYHYy MOJEIb CHCTEMH
ynpasninasa. OpHieo 3 mpoOiieM, sKa BIUIMBAa€E Ha
TOYHICTH YNpaBIiHHS MaHIMyJISTOpPaMH TOJATAaE B
NpaBWIbHIA TOOYAOBI aJeKBAaTHUX ITUHAMIYHHX
MOZEJIEH KEpyBaHHSI.

B nanomy mocmimKeHHi 3alpOIIOHOBAHO PO3T-
JSTHYTH TPSAMUI MeToJ po3poOKH AMHAMIYHOI MO-
neni MaHimynsaTopa. [IpomoHyeThest 3acTOCOBYBaTH
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MaTeMaTHYHy MOJIeNb, fKa MoOynI0oBaHA HA MPHH-
OWIaX TEOPETHYHOI MEXaHIKH 13 3aCTOCYBaHHS
piBHAHB Jlarpamka apyroro pomy.

Jnst cTBOpeHHsI TMHAMIYHOT MOAENI JTBOJIAHKO-
BOTO MaHimyJsTopa OyJi0 BU3HaYeHO KIHETUYHY Ta
MIOTEHIIaIbHI €Heprii CKIIaJOBUX CHCTEM MaHIITy-
JSITOpa, a HAa OCHOBI piBHsAHHA JlarpaHka Apyroro
POy OTpUMaHO IWHAMIYHI PIBHSHHS PYyXY.

Takoxx OyIi0 BU3HaU€HO 3aJ€KHOCTI MiX KOOp-
JMHATaMH 3aXOIUII0BAadYa Ta y3aralbHEHHUMH KOOp-
nuHatamH. L1 3a1eXHOCTi TOOMOTIIN BCTAHOBUTH
PIBHSIHHS YTIPaBIiHHSA, SKi JO3BOJSAIOTH 3MIHCHUTH
KEepyBaHHS 32 XapaKTEePUCTHKAMHU PyXY 3aXOILIIO-
Baya JBOJIAHKOBOT'O MaHIIyJIATOpA.

Kurouosi cioBa: maninymnstop, piBHsSHHS Jlar-
pamka, KIHETHYHI eHeprisd, AWHaMidHa MOIECIb,
PIBHSHHS PYyXY.

19



