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Abstract. The main of the problems of the de-
velopment of two-link manipulators with an angu-
lar coordinate system is the lack of effective and
universal control systems capable of implementing
energy-intensive modes of movement. This is due
to the design features of the pointer system of such
manipulators and the methods of their use. During
the operation of the manipulator, significant dy-
namic loads occur in its drive system, which create
oscillations of the mechanical system and reduce
the accuracy of work. The control system must
also effectively compensate for such dynamic vari-
ations.

Dynamic equations of motion used to build ma-
nipulator control controllers, which allow taking
into account various features of using manipula-
tors. These mathematical models necessarily con-
tain one of the characteristics in the form of the
combined moment of inertia of the mechanical
system, which is important in the calculation of
differential equations and the determination of
kinematic parameters of motion.

In this article, the combined moments of inertia
of the boom system of a two-link manipulator with
an angular coordinate system are determined. A
study was carry out and it shown that the nature of
the change in the combined moments of inertia
influenced by the modes of movement of the boom
system links.

The results of the study showed that the com-
bined moment of inertia of the boom system of the
manipulator is not a constant value, which does not
change uniformly under special operating condi-
tions of the machine.

To determine the combined moments of inertia,
the method of bringing the kinetic energy of the
moving system to the drive mechanism was apply.
This is relevant, because in the future it will be

ISSN(print)2312-6590. FipHW4i, ByAIBEAbHI, AOPOXHI i

MEAIOPATMBHI maLumHK, 103, 2024, 5-14

necessary to adjust the unevenness of the move-
ment of the manipulator links by the drive itself.

The study was conduct for a typical linear mo-
tion mode and a motion mode with a change in
speed along a parabolic trajectory.

Keywords: two-link manipulator, the kinetic
energy, combined moment of inertia, the dynamic
model, equations of motion.

INTRODUCTION

Two-links manipulators have found wide
application in various industries and robotic
systems [1, 2]. In industrial production, two-
link manipulators are used for the automation
of production processes, ensuring fast and ac-
curate performance of tasks, which allows
increasing the productivity of various techno-
logical processes and reducing costs [3, 4]. In
addition, such manipulators are widely used in
robotics. Here they make it possible to create
robots that can perform various tasks, such as
assembly of products on production lines and
processes of precision welding of parts [5, 6].
In the medical field, two-link manipulators are
becoming auxiliary tools in surgical processes,
providing precision and stability of move-
ments, allowing doctors to perform complex
manipulations with great precision and mini-
mal risk for patients [7].

Thus, two-link manipulators are an integral
part of many modern technological processes,
and their application expands and changes
according to the needs of society and the de-
velopment of technologies.
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MODELING WORKFLOWS

One of the important tasks in engineering is
the design of efficient technical systems with
low energy consumption [8, 9]. To implement
such tasks, it is necessary to have an accurate
idea of the dynamic processes that occur in the
component parts of machines [10, 11]. In par-
ticular, the dynamics of the movement modes
of the manipulator boom will significantly
affect the efficiency of the energy supply of
the drive of such a technical system [12-14].
The main keys parameters of changing dynam-
ic loads in the manipulator drive system is the
value of its combined moment of inertia of the
boom [15]. This is because this parameter for a
two-link manipulator is a variable characteris-
tic, which depends not only on the mass-
geometric characteristics of the links of its
mechanical system, but also on their mutual
location and position in space. Changing the
configuration of the manipulator boom and the
position of the component links in space will
lead to a change in the combined moment of
inertia.

There are not scientific studies that would
show the nature of the change in the combined
moment of inertia for a two-link manipulator.
Therefore, this article will consider the specif-
ics of determining such a characteristic and
investigate the nature of its change.

PURPOSE OF THE ARTICLE

To develop a mathematical model for de-
termining the combined moment of inertia of
the boom of a two-link angular manipulator
with two degrees of mobility and to investigate
the nature of the change in this dependence.

PRESENTING MAIN MATERIAL

Consider a manipulator consisting of two
rigid independently moving links 1 and 2 (see
Fig. 1) with masses m1 ta mz. All links inter-
connected by kinematic pairs of the 5-th class
of the cylindrical hinge type [16]. The drive
mechanisms of each of the links are located at
the locations of the hinges and can develop
torques by M1 ta M>, (the actuators of the ma-
nipulator links were not show on the consid-
ered scheme) [17, 18].

6
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Fig. 1. Dynamic diagram of a two-link angular
manipulator

The rotation angles o and B of the links
were took as generalized coordinates in this
scheme.

The equation of motion of each of the mov-
ing links of the manipulator will be determined
on the basis of Lagrange equations of the 2nd
kind, which in a simplified form will be as
follows [19]:

do
led—tlz M3 —Mg;

do (1)
‘J362d_t2: MZ _MCZ'

where: M., M is static resistance moments;
M, Mo is driving moments; Jss1, Jss2 COMbine
moments of inertia, respectively, for the first
and second drive mechanisms of the manipula-
tor; w1, 2 the angular velocities of manipula-
tor links relative to the horizontal axis, i.e. 1
= do/dt and w2 = de/dt.

From the system of equations (1), it is ob-
vious that the driving moments for each of the
drive links will be determined as the total of
static and dynamic moments, i.e.:

do
M; = Jggld—tl+ Ma;

do 2
M, ZJgezd—t2+ M¢o.

From the system of equations, it is obvious
that the component of the dynamic moment of
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the drive depends on the combined moment of
inertia and angular acceleration of the rotary
link. As is known, the static moment of the
manipulator's boom will be determine only by
the position of the links.

It is know that for moment starting and
braking in the boom system of the manipula-
tor, significant loads from inertial forces occur,
which leads to oscillations of the moving links
of the manipulator [10, 11, and 12]. This sig-
nificantly reduces the energy efficiency of
using the manipulator in transient modes of its
movement.

It was determine the dependencies of the
combined moments of inertia for each of the
drive links.

The equation of the Kinetic energy of the
manipulator reduced to the first drive mecha-
nism [19]:

2
Tl — ‘]381(’0381 1 (3)

where: _, the angular velocity of the re-
duced link, which in this scheme will be equal
to the angular velocity of the first link o, .

The full kinetic energy of the manipulator,
expressed through its moving links, will be
equal to:

2 2 2 2
_hiop | Jp0p MLy | Mpbp
2 2 2 2

T . (4)

where: mp, vp respectively, mass and speed of
movement of cargo; vz is velocity of the cen-
ter of mass of the link 2, which simultaneously
performs rotary and plane-parallel motion;

m,l3 _— .
J,, =—22 the moment of inertia of the link
12

2
. . myl
2 relative to its center of mass; J; :% the

moment of inertia of link 1 relative to the point
of its rotation.

By equating expressions (3) and (4), the
combined moment of inertia of the manipula-
tor boom, which reduced to the drive M, were
determinate:
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Jo, @5  Myuy.  Myuj

Jog =+ =55+ =+ ———. (5)
01 (] ]

The square of the speed of movement of the
center of mass of link 2 was determinate
through the component coordinates, i.e.:

U%c = X%c + ygc’ (6)
dx dy
where: X, =—2¢ 'y, =_’2C
e AT
The coordinates of the center mass of link 2:
1
Xoe =h cosoa+EI2 CosQ, (7)
. 1. .
Yoc :Ilslnoc—zlzsm(p. (8)

Derivatives of expressions (7) and (8) were
determinate:

X,
dt

. 1 .
=—|10'LS|n0L—E('p|2 sing. 9)

dy,. . 1.
—=£t =|,cosa.——@l, cOso. 10
dt 1 Z(Pz () (10)

The squares of the velocities (9) and (10)
will have the following form:

dx .
(—2£)% =12a2sin? .+
dt (11)

+yl,6¢psin ausin @ + %(‘pzlz2 sin? .

(—dyzc )% =176 cos? o —
dt (12)
2

— |1|2d('pCOSOLCOS(p+Z('p f cos? 0.

Considering the obtained expressions (11)
and (12), the speed of the center of mass of
link 2 will be equal to:
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v3, =122 +4(p2|2 —1yl,6¢pcos(o + ). (13)

Similarly, the square of the speed of the
center of mass of the load was determinate:

v = 1262 + 212 = 21 1,6pcos(a +¢). (14)

The ratio between the angular velocities of
links 1 and 2 can be find through derivatives in
generalized coordinates, i.e.:

2.2 (15)
(V] a

Taking into account that:

o=mn—-o—f (16)
and
o=—0-P, (17)
then ' '
@22 142 Bz g
o] a o

2 |1OL +4(p2|2 —|1|20(,(|)COS(O(,+([))

ol a2 " 19)

|2 .2 .
|f+i—-|1|2—cos(a+(p)
4 2

Similarly, it was find for cargo:

02

2

2
= Il + |2
(O] (X,

21,1, 2 cos(a.+¢). (20)
(04

Taking into expression the found expres-
sions (18), (19) and (20), the moment of inertia
of the manipulator arm reduced to the first
drive mechanism it was determinate:

(J1+m2I1 +mbI1 )+
, .
L a2l By @
4 a o

381 -

+(‘]2c
—(mylyl, + 2mbI1I2)(1+E) Ccosp.
(00

8

To determine the combined moment of in-
ertia of the boom of the two-link manipulator,
the equation of the kinetic energy of the ma-
nipulator, which reduced to the second drive
mechanism, it was find:

2
T2 — J362§)36‘2 , (22)

where: o, , the angular velocity of the re-
duced link, which in this scheme will be equal
to the angular velocity of the second link o, .

The kinetic energy of the second moving
link of the manipulator with the load will be
equal to:

2 2 2
Jo 07 MyL2e , MyLh

T, =
27 2 2

(23)

Taking into account (22) and (23), the
combined moment of inertia of the second link
of the manipulator was find, which reduced to
the drive Mo:

2 2
MyV5c + My Ly

J36‘2 =‘]2€+ 2 2 (24)
3 03
where:
1.
o 12a? + I—Ilcx cos(o +
V3 _ 1 4(P 11,6 cos( (P)
2 .2
3 ) (25)
.2 2 .
2 O I
= Il —2 Z Illz—COS(a+(P)
(0] ¢
1)2 2 dz
=2 =1 = +15 -2, Cos(oc+(p). (26)
(,01 (P (P

Taking into expression (25) and (26), the
combined moment of inertia for the link 2 is
finally determined:

a2 .
(& +B)2 (27)

l3) ———==co0s(p),
12

+—22 yml2.

3552 =I5z + (M +mp)If
—(my +2mp)kl, (
where: Js, =J,,
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As can seen from the obtained formulas
(21) and (24), the value of the summary mo-
ments of inertia of the manipulator boom, in
addition to the mass-geometric parameters of
the boom links, also depends on the nature of
the change in the angular velocities of the
component links of the manipulator boom and
the angle of mutual rotation between link 1
and 2.

It was investigate the dependence of the
change in the combined moments of inertia of
the two-link manipulator boom for a typical
linear mode of motion. The dependence of the
change in the angular velocities of the links of
the manipulator during its acceleration will be
express by the following characteristics:

where: ®; max and ®, ax 1S @ maximum

link acceleration velocities by 1 and 2; t; ac-
celeration time.

For the specified motion modes (28) and
(29), the dependences of changes in angular
coordinates will be determinate by the next
formula:

alt) = g + a%, (30)

where: o is a general coordinate of a mechani-
cal system (o a6o B); ao the initial position of a
generalized coordinate; ¢ the velocity of the
corresponding coordinate, which is determined
by (28) or (29).

In this work, the changes of the combined

() . . .
O = =X g (28) moments of inertia for the manipulator’s me-
4 chanical system with the next parameters were
investigate: m1 = m2 =200 kg; mp =800 kg; I1 =
. O)Z_maX IZ: 2m.
p= i t, (29) Fig. 2 show the graphs of the functions with
! combined moments of inertia for a typical lin-
J3B1, krv® J382, kTM’
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Fig. 2. Graphs of the functions of the combined moments of inertia for a typical mode of motion: a —
dependency change Js:1; b — dependency change Jxi; ¢ — dependence of the change in the angle of rotation o; d —

dependence of the change in angular velocity do/dt
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ear mode of motion with the next parameters:
t1 =38 O max=®2 max=0,5rad./s; a0=10,5

rad.; Bo = 0,4 rad.

It can be seen from the presented graphs
that in the process of moving the links of the
manipulator, there is a change in the combined
moments of inertia of the boom, in particular,
for a given typical mode of movement, their
increase occurs. This means that in the process
of changing the boom position, the dynamic
load component will increase.

The modes of motion of the manipulator
links are important in forming the dependence
of the change in the combined moment of iner-
tia of the manipulator. For example, the nature
of the change in the moments of inertia of the
boom for the parabolic mode of motion, which
determined by the next functions, it was inves-
tigate:

3
(o) max —2A0) ~
t3
1

t? (tl(Dl_ max — 3Aa) ]
_ 2 :
1

a =0 +
(31)

3
t (tlmz_max —2AB)
B= BO + t3 -

' (32)
2
t (tl(DZ_max —3AB) ]
_ % :
1

.3t (4o _max —2Aa)
o= — 3 —
b
2t(ty 0 _max —3Aa)

t? ’

(33)

. at? (40 _max —2AP)
B = 3 -
4
2t (tlﬂ)z_ max — 3AB)
_ 2
1

(34)

where: t; acceleration time; Aa and AB coor-
dinate increment (Ao = ox - ao; AP = B« - Po,

10

later it was accepted ao = 0,5 rad.; fo = 0,4
rad.; ax =1 rad.; px = 0,8 rad.).

This mode of movement is characterize by
rapid acceleration of the manipulator links on
a given distance of the path. The graphs of this
mode of movement were shows in Fig. 3.

@, paj.
1.0}

0.9
0.8¢
0.7¢

0.6

a', pan./c
0.5}

0.4f Ve g

0.3

0.1

a", pa,:L.,-c2
0.35¢

0.30f
0.25f
0.20f
0.15}
0.10f
0.05F

0.5 1.0 1.5 2.0 2.5 3.0
C

Fig. 3. Graphs of changes in the angle of rotation
a (@) angular velocity da/dt (b) and angular ac-
celeration d?a/dt? (c)

The combined moment of inertia of the
boom was also calculate for the given mode of
movement. On the graphs from Fig. 4 shows
the results of the study, which shows the
change in the combined moments of inertia of
the boom Jss1, Jsso.
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J3B2, KM
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40001/

2000 \
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b

Fig. 4. Graphs of changes in combined moments of

inertia Jss1 (@) and Jsx2 ()

From the graphs in Fig. 4 shows an increase
in the combined moments of inertia of the
boom during the movement of the manipulator
links. However, at the initial stage of
acceleration of the manipulator boom
mechanism, there is a significant significant
increase in the value of the combined moments
of inertia, which gradually decreases rapidly,
and after a time interval of 1 s, it begins to
increase monotonically again, similarly to the
previous considerations.

In Fig. 5 and Fig. 6 shows the results of the
study of changes in static and dynamic
moments in the drive mechanisms of the
manipulator.

From the graphs in Fig. 2, it can be seen
that the increase in the combined moments of
inertia reaches AJs;;=7000 kgm? and AJsxn=
1800 kg'm? for the motion mode with a linear
speed change. The maximum values are 12000
kgm? and 3000 kgm? by Jss1 and Jss. Fig. 4
shows that for the mode of movement with a
parabolic change in speed, similar values are
different. In particular, during the period of

dar
Jzel—. H
dt Mcl, H
2000 20000
1500 15000
1000 10000
500 5000
05 1.0 15 2.0 25 30°¢ 05 1.0 1.5 2.0 25 3.0 °
a b
Jaaldf. H
dt
N
500 Mec2, H
400} 10000}
300} 5000}
’/
200¢ T 05 1.0 s 20 25 30
100} —5000}
| Lt ¢ —-10000}
05 1.0 1.5 2.0 23 30
c d

Fig. 5. The magnitude and nature of the change in dynamic (a, c) and static (b, d) moments of the drive

under a typical driving mode with a linear characteristic of the change in angular velocity
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Jsel—.H
dt
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Fig. 6. The magnitude and nature of the change in dynamic (a, ¢) and static (b, d) moments of the drive in
the dynamic mode of motion with a parabolic characteristic of the change in angular velocity

movement from 0 to 0.7 s the difference be-
tween the maximum and minimum values
reaches almost infinity, and in the interval
from 0.7 to 3 s the difference will be Adsi =
7400 kg'm? and AJsz= 900 kgm?.

The static torques of the actuator were de-
terminate by the next formulas:

M =(0,5m; + my, +my) gl coso+

(35)

+(0,5m, + m,)gl, cosg;

M, =(0,5m, + my)gl, coso. (36)

CONCLUSIONS

The conducted studies demonstrate how
complex the dynamic process is in the boom
system of the manipulator. The load on the
drive elements depends on dynamic and static
torque. Depending on the operating conditions
of the manipulator, there are non-linear rela-

12

tionships between dynamic and static drive
torques. The movement mode of the manipula-
tor links significantly affects the change in the
dynamic characteristics of the drive load.
Thus, when choosing the required movement
mode of the manipulator, it is necessary to
apply optimization methods that allow taking
into account the non-uniformity of changes in
the dynamic parameters of the mechanical
system.
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MODELING WORKFLOWS

JocainaxenHs: 3MiHU 3Be/IeHOTO
MOMEHTY iHepii 1BOJaHKOBOI 0
MAaHIMyJISITOpa 3 KYTOBOI0 CHCTEMOIO
KOOPAHHAT

Apocnas Kopobenko®, JImumpo Miugyr?,
Inna Cankin®

L23Kuiscokuti nayionanshuii ynieepcumem
0yOisHUYmM8a i apximexmypu

Anotauis. Ogra i3 pobieM pO3BUTKY IBOJA-
HKOBUX MaHIMYJSITOPIB 3 KyTOBOK CHUCTEMOIO KO-
OpJAMHAT € BiCYTHICTh €()EKTHBHUX 1 yHiBepcalb-
HUX CHCTEM YMpaBJIiHHSA, SIKi 3aTHI peai3oByBaTH
eHeproeMHi pexxumu pyxy. Lle mos’s3ano 3 0co0-
JUBOCTSIMA KOHCTPYKIIIi CTPiTOBOI CHCTEMH TaKHX
MaHIMyJIATOPIB Ta crnocobamMu IXHBOTO 3aCTOCY-
BaHHSAM. B mpormeci po6oTu MaHimymsITopa B Horo
CUCTEMi TPUBONY BUHHUKAIOTH 3HAYHI IAMHAMIYHI
HaBaHTaXEHHS, SIKi CTBOPIOIOTH KOJIMBAHHS MeXa-
HIYHOI CHCTEMH Ta 3MEHIIYITh TOYHICTH BHKO-
HaHHSA poOiT. CrucTemMa KepyBaHHS TaKOXK MOBHHHA
e(eKTHBHO KOMIICHCYBATH Taki AMHAMIYHI KOJH-
BaHHS.

Jis moOynoBr KOHTPOJIEPIB YIIPaBIiHHS MaHi-
MyJSITOpaMH  3aCTOCOBYIOTH JTUHAMIYHI PiBHSHHS
PYXY, SIKi TO3BOJISIFOTH BPaXOBYBaTH Pi3HI 0COOIIH-
BOCTI BUKOpPUCTaHHA MaHIimynsTopiB. Taki mare-
MaTHU4HI MOJeli OO0OB’S3KOBO MICTATH OJHY i3
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XapaKTepUCTUK Yy BUTJSIII 3BEJACHOIO MOMEHTY
1HepITii MeXaHIYHOI CHCTEMH, sIKa € BAXIIMBOIO TIPH
po3paxyHKy nuepeHmiiHuX pPIBHSIHH Ta BHU3HA-
YEHHS KIHEeMaTHYHHUX ITapaMeTpiB PyXxy.

B naniii ctarTi BH3HAYeHO 3BENE€HI MOMEHTH
iHepIii CTPIIOBOI CHCTEMH JBOJAHKOBOTO MaHIITy-
JSTOpa 3 KyTOBOIO CHCTEMOIO KoopAauHaT. byrio
MPOBEACHO JOCITIHKEHHS Ta MOKa3aHo, IO Ha Xa-
pakTep 3MIHM 3BEIEHWX MOMEHTIB iHEpIii BIUIH-
BalOTh PEKUMU PyXy JTAHOK CTPIIOBOI CUCTEMH.

PesynpraTtu pociimpkeHHs OKa3ajd, 1O 3Bee-
HUH MOMEHT iHEpIii CTPIIOBOi CHCTEMH MaHIITyIIs-
TOpa € 3MIHHOIO BEJIMYMHO, SKa HE PIBHOMIPHO
3MIHIOETBCS MPH OCOOJIMBUX yMOBax poOOTH Ma-
ITUHH.,

s BH3HAYCHHS 3BENCHUX MOMEHTIB 1HEpIIii
OyJI0 3aCTOCOBaHO METOJWKY 3 MPUBEACHHS KiHe-
TUYHOI €Heprii pyXxoMOi CUCTEMH JI0 TPUBOJTHOTO
Mexani3my. lle € aktyanpHEM, 60 came MPUBOIAOM
B TIOJANIBIIIOMY TIOTPiOHO Oyze 3MiCHIOBATH pery-
JIIOBAaHHSA HEPIBHOMIPHOCTI PyXy JIAHOK MaHiImyJisi-
Topa.

HocnimkeHHss Oyno MPOBENEHO IS TUIIOBOTO
JMHIHHOTO peXUMY PYXy Ta PEXKHUMY PyXy 31 3Mi-
HOIO IIIBHJIKOCTI 32 Mapa0oJIivHOI0 TPAEKTOPIETO.

Kuaio4oBi cioBa: IBONAHKOBHI MaHIIYJATOP,
KIHeTHYHA CHEpris, 3BEelICHMH MOMEHT iHepii,
JTMHAMiYHA MOJICIb, PIBHSHHS PYXY.
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