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Abstract. The article discusses the problem of
synthesising optimal trajectories for moving load
with a tower crane in order to increase its productiv-
ity and safety. A dynamic model of the system has
been developed, including the boom, trolley and
load suspended on a flexible rope, taking into ac-
count the pendulum oscillations of the load. To de-
termine the laws of motion of the boom and trolley
that ensure the specified load trajectory, the inverse
kinematic problem has been solved. An optimisa-
tion approach has been proposed, aimed at minimis-
ing the duration of load transportation while com-
plying with kinematic and dynamic constraints, in
particular the maximum speeds of the trolley and
boom rotation. To ensure smooth movement and re-
duce dynamic loads, regularisation methods are
used to reduce the amplitude of load oscillations and
eliminate unwanted changes in the direction of
movement of the mechanisms. The numerical solu-
tion of the optimisation problem was performed us-
ing a modified particle swarm optimisation method
(VCT-PSO), which demonstrated its effectiveness
in selecting the optimal trajectory parameters. The
influence of regularisation and the length of the
flexible suspension on the dynamic characteristics
of the system, in particular the amplitude of oscilla-
tions, peak forces and moments, as well as the dura-
tion of movement, was analysed. The results show
that the use of regularisation significantly reduces
dynamic loads and increases motion stability, alt-
hough it increases transport time. Shortening the
suspension length reduces motion time but can lead
to an increase in oscillation amplitude. A new tool
for analysing system dynamics in terms of devia-
tions and velocity differences is proposed, which
provides a visual assessment of the oscillation pro-
cess and confirms the fulfilment of boundary condi-
tions. The results obtained can be used to improve
tower crane control systems and increase their effi-
ciency on construction sites.
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INTRODUCTION

The dynamic movement of loads by tower
cranes involves complex interaction between
the boom (a horizontal arm extending from the
tower), the trolley (a platform moving along the
boom), and the suspended load. This complex-
ity arises primarily due to pendulum-like oscil-
lations of the load. Optimising load movement
trajectories is essential for reducing transport
time, energy consumption, and wear on crane
mechanisms, as well as for improving opera-
tional safety.

Recent research has focused on addressing
these challenges using various control and opti-
misation strategies to enable efficient trajectory
planning for tower cranes. According to [1-2],
adaptive control systems incorporating fuzzy
logic and vibration compensation have been
proposed to handle system uncertainties. These
approaches effectively suppress load oscilla-
tions, though they can be difficult to configure
in practice.

Studies [3-4] investigate real-time sensor-
based vibration damping systems. These meth-
ods reduce dynamic loads on crane compo-
nents, but their effectiveness heavily depends
on sensor precision and reliability, which can be
problematic on construction sites.

The impact of suspension cable length is ex-
amined in [5], where it is shown that shorter ca-
bles improve load stabilisation time but also in-
crease vibration amplitude, highlighting the
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need for a trade-off between velocity and
smoothness.

In [6], regularisation is introduced as a tech-
nique to smooth trajectory profiles. While this
approach reduces oscillations and mechanical
stress, it increases total movement time, making
it suitable when stability and equipment lon-
gevity are priorities.

In study [7], a method of trajectory control
of a crane using parametric optimisation based
on polynomials was proposed. The authors im-
plemented control of the crane trolley move-
ment, taking into account the variable length of
the rope. This approach made it possible to sig-
nificantly reduce deviations from the trajectory.
The disadvantage is the need for precise param-
eter tuning and high sensitivity to model errors.

In [8], a model of a gantry crane with a flex-
ible suspension, described by partial differen-
tial equations, is considered. The developed
control ensures effective damping of load oscil-
lations. The method has been experimentally
verified on a laboratory setup, but the complex-
ity of the model limits its use for online control-
lers.

The authors [9] investigate the planning of
the motion trajectories of a tower crane trolley
with a double pendulum suspension. Time pol-
ynomial optimisation is applied for each motion
segment. The work is valuable in that it takes
into account the complex dynamics of the sys-
tem, but does not contain an analysis of the in-
fluence of external disturbances.

PURPOSE OF THE PAPER

The aim of the work is to increase the
productivity of tower cranes by synthesising
optimal load movement trajectories.

RESEARCH OBJECTIVES

1. Develop a mathematical model of a tower
crane system, taking into account the boom,
trolley, and suspended load.

2. Solve the inverse kinematics problem to
determine the laws of motion that implement a
predetermined load trajectory.

3. State and solve an optimisation problem
aimed at minimising transport time, taking into
account kinematic and dynamic constraints.
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4. Analyse the effect of regularisation and
suspension length on load oscillation and sys-
tem performance.

RESEARCH RESULTS

Solving the problem of controlling the
movement of a tower crane load requires a de-
tailed analysis of the dynamic model of the sys-
tem (Fig. 1). The study concerns a system con-
sisting of three main elements: a boom, a trol-
ley, and a load suspended on a flexible rope.
The main objective of the study is to determine
the optimal trajectory of the load and to synthe-
size the optimal laws for controlling the move-
ment of the boom and trolley, which ensure the
optimal trajectory.

M,

//itu | i<__j
Fig. 1. Dynamic model of load movement by a
tower crane

The following notations were used to de-
velop the mathematical model of the system
(Fig. 1): z is the coordinate of the trolley mov-
ing along the boom; p is the coordinate of the
load along the boom axis; ¢ is the angular coor-
dinate of the boom rotation relative to the verti-
cal axis; y is the angular coordinate of the pen-
dulum oscillations of the load in the direction
perpendicular to the plane of the boom. Thus,
the system included four independent coordi-
nates z, p, ¢, w, which determine the position of
the trolley, the crane's rotation, and the pendu-
lum oscillations of the load.

A mathematical model is represented by a
system of equations that determine the behav-
iour of structural elements [10]:
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pw+2pw'=%z(co—w),

where | is the length of the flexible suspension
on which the load is fixed; m is the mass of the
load; J is the total moment of inertia of the
tower relative to its rotation axis.

Further calculations will be based on only
two equations of the system (1), which describe
the movement of the mass of the load m:

ﬁ—pW2=—%{p—zp—ﬁE§QiD;

pii +2py =L 2lp—v)

(1a)

If the trajectory of the load is known (the
laws of change in the angular position of the
boom w and the position of the trolley p are
known), then the problem is to determine the
laws of change in z and ¢, which would ensure
the implementation of the given trajectory of
the load. Thus, it is necessary to determine how
to control the movement of the boom and trol-
ley so that the load moves according to the
given trajectory.

Dividing the second equation of the system

(1a) by 1 , We obtain:
g

| .. .

a(pw +2py)=2p-v), (2
After entering the designations:

. ..

5(/71// +2py)=R, (3)

we obtain the expression that follows from the
second equation of system (1a):

R=12(p-y). (4)
14

(JO +mlzz)¢+2mlzz'¢: M —

mﬁ—mﬂ¢2=F—E?{Pv{bjzizz}4an@ﬂ

o :_g[p_z[l_wj} @

@pZ((p—t//)— M sgn(¢),

We have:
=p-v, ()
or

¢=§+w- (6)

So, knowing the law of change of the coor-
dinate z(t), we can use equation (6) to find the
desired law ¢(t). At this stage, it is necessary to
find the expression p=¢(y(t), p(t)). Taking into
account expression (5), we rewrite the first
equation of system (1a) in the following form:

Dividing the left and right sides of equation
(7) by -g/l, we obtain:

2

/.. 2
L —p—74—. 8
g@ pw)/7 *> (8)
Let's introduce another notation:
I L
a(pw—ﬁﬁ=K- ©)

Then, taking into account equation (8), we
obtain:

2 952 2
K=p—Z+R—=22p 22° +R .
2z 2z

(10)

To simplify equation (10), we will represent
it as a quadratic algebraic equation:
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RZ
22+Z(K—p)—7:0. (11)

By solving the resulting quadratic equation
(11), we obtain two roots:

Z,,= %[— K £+/2R? + (K - p) +p) . (12)

It is necessary to determine which of them
was acceptable and can be used in further cal-
culations. To do this, each solution should be
analysed in terms of its compliance with the ac-
tual dynamics of the system. The analysis was
performed on the basis of plots. In order to build
them, the problem was solved, which consisted
of moving the load from the initial point with
coordinates (Xo, Yo) to the final point (xt, y1). In
the case under consideration, the initial coordi-
nates were (Xo, Y0)=(10, 10), and the final coor-
dinates were (X, y1)=(2, 1). To ensure such a
move, the corresponding values of the coordi-
nates z and ¢ were calculated for both cases of
the roots (12).

To build these plots, the initial parameters of
the load movement were set, namely the coor-
dinates p and y, which determined its trajec-
tory. They were chosen in such a way as to en-
sure that the initial and final points of the load
movement were connected in accordance with
the boundary conditions. To determine the
movement parameters, it was also assumed that
the length of the flexible suspension was 5 m.

The laws y and p were obtained, which cor-
responded to the initial (xo, yo) and final (xt, yT)
coordinates of the load movement and satisfied
the boundary conditions of movement, i.e. the
conditions of the beginning and end of move-
ment from the resting state:

= (T "y, +20t" (i, -y )+84t°T 2 x
x(wy —wy )+ T0t°T (—yy + ;) +35t% x (13)
><Ts(_'//o Ty ))Ti7

where wo and yr are the angular initial and final
positions of the load:

Vo = arctg[ﬁj ; (14)
XO
_ Yr |.
Wy = arctg(—], (15)
Xp
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p=(T"p, +20t" (p, — p; )+84t°T 2 x
(po _pT)+70t6T(_ po + pr)+35t" x (16)

XT3 (= po +p T
where po and pr are the linear initial and final
positions of the load:

Po =X Y5 ; (17)
pr =X +¥7 . (18)

Taking into account expressions (13)-(18),
as well as those obtained earlier (12), plots were
built (Fig. 2). In Fig. 2, the black curve corre-
sponds to the root of z1, and the grey curve to
the root of z».

(IJ :l> 1IO ‘1l5
1, cC
Fig. 2. Plots for two variants of the roots (12)

The analysis of these plots showed that the
second root z> does not provide the boundary
conditions for the trolley's movement. The
black curve, which corresponded to the root z3,
provided a correct connection between the
points of the initial (red dot) and final positions
(green dot). Thus, based on the analysis of
plots, it was decided to use the root z; in further
calculations.

The inverse kinematics problem was solved
with consideration of the pendulum effects of
the load movement. The next stage of the study
is to determine the law of motion of the load and
build its trajectory. This, in turn, made it possi-
ble to determine the law of motion of the sus-
pension point. To determine the law of motion
of the load and its trajectory, it was necessary
to set the initial conditions that determined from
which state the motion began and in which it
ended. Establishing these conditions ensured
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correct modelling of the load movement and al-
lowed further calculations of the system's mo-
tion dynamics.

The initial conditions of the system move-
ment in the absence of initial pendulum oscilla-
tions of the load and the resting state of the trol-
ley and boom are set as follows:

2(0) = p(0) = py;
9(0) =y (0) =v,;
2(0) = p(0) = 0;
¢(0) =y (0) =0.
The initial polar coordinates of the load ex-
pressed in terms of Cartesian coordinates are
represented as expressions (14), (17).

The final motion conditions can be written in
the same way as the initial ones:

2(T)=p(T) = p;;
o(T)=w(T)=w;;
2(T)=p(T)=0;
p(M)=y(T)=0.

z(o):%(%ou

(19)

(20)

The end conditions for the angular coordi-
nates are also written in the same way. The an-
gles ¢ and y had to be equal to each other,
which corresponded to the condition that the
load would reach its final position. In addition,
the final velocities of all structural elements
were equal to zero, which ensured that the sys-
tem would stop at a given point. Thus, the initial
and final conditions of motion correspond to the
resting state of the system elements. In the fu-
ture, it is necessary to obtain the boundary con-
ditions for the movement of the load (functions
p and ), which provide conditions (19), (20)
and are expressed through the boundary condi-
tions for the movement of the trolley and boom.

Let us first consider the initial conditions.
Taking into account the dependencies (4), (6),
(10) and (12), we can write down the initial con-
ditions for the movement of the trolley and
boom, expressed through the initial conditions
for the movement of the load:

212 2 " 2
po+\/2‘//o| Po +(fo|+gpo) J (21)

g

P09l +
\/ l//ol po +(po|+gpo)
. g*
0)= 22
2(0) TR (22)
»(0) = 270l py (23)

2lp, (‘yolbol

9

Yo
.. P12 +2p,9lp, + + 2w 217 )pZ
pol+g[po J ° 09 2(g Yo ) J

9(0)=

— Po¥ol = PoWol + ¥, gpo) (24)

Taking into account these records, we ob-
tained a system of equations that meets the ini-
tial conditions (19) and in a reduced (compact)
form has the following form:

2(0) - p(0) =0;
?®%w4®=0; (25)
2(0) =0;

¢(0) =0;

The solution to system (25) is as follows:
16

20212 p? + (o, | + 2 25 2%p
g\/ Vol Po g(fo gpo) (p0+gpo+g\/l//

(Ibol + 9P )2 J

g2

7 (0) =3(0) = p(0) = p(0)=0. (26)
Similar calculations for the final conditions
will be given:
(M) =y (TM)=p(T)=p(T)=0. (27)
So we can write down the final version of the
boundary conditions for the movement of the
load:
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w(0)=w,, y(0)=y(0)=y(0)=0;
p0)=p,, p(0)=p(0)=p(0)=0; 28)
y(M) =y, y(T)=¢y(T)=y(T)=0;
p(M)=pr, p(T)=p(T)=p(T)=0.

These conditions will be used to calculate
the optimal trajectories for load movement.

Let's formulate the optimisation problem. It
includes four components: 1) a mathematical
model of the system (1a); 2) motion boundary
conditions (19), which will be used in the form
of (28) in further calculations; 3) optimisation
criterion; 4) constraints.

Since the first two points of the problem
statement have already been presented in the
previous para plots, we will focus on the third
and fourth. The optimisation criterion for this
problem is the duration of the load movement:

g
[dt=T — min. (29)
0

The use of criterion (29) makes it possible to
increase the productivity of load handling at the
construction site.

The problem introduces constraints on the
maximum linear and angular velocities of the
trolley and boom rotation, respectively:

0<i(t)<z,.;

max

0<O(t) < Prraxs
where 7., and @, — are the maximum ac-
ceptable values of the trolley and boom veloci-
ties, respectively (Z,,=0.8 m/s and @,
=0.105 rad/s). The constraints on the maximum
trolley velocities Z,,,=0.8 m/s and boom slew

(30)

rates ¢, =0.105 rad/s are based on the typical

technical characteristics of modern tower
cranes.

To solve the problem (1a), (28)-(30), we re-
duced it to an unconstraints optimisation prob-
lem. To do this, the functions on which the so-
lution to the problem is sought were represented
in the form of a superposition:

W=y, t¥,

P =P+ Py
where w1 and pi1 are functions that ensure the
fulfilment of boundary conditions (28); w» and

(31)
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p2 are polynomial functions that ensure the ful-
filment of zero boundary conditions up to and
including the third derivative and contain free
parameters (coefficients) that will be used to
minimise the criterion (29):

e
[nenlghn(sf ol oo

(32)

X(Bo + B{%) BZ(HZ + BSGD(,;T —p)

(33)
The coefficients in expressions (32), (33)

l 4and u 4 rovide zero boundar
T T )P y

conditions for motion. Thus, functions (32),
(33) do not affect the given boundary condi-
tions of problem (28).

To ensure that the constraints (30) are met,
the following penalty functions were con-
structed:

0, if 0<p(t)<, ..

(Do = @), T (1) > Py
Je) it o) <0;
0, if 0<z(t)<z, .,

(2o — 2())7, 0 2()> 2,
(2(t))%, if z(t) <0,

P,=0,

Pz:5z

(34)
where S, and &, — are weighting factors that

reduce the dimensionality of the penalty func-
tions to the dimensionality of the criterion (29)
and take into account the importance of meeting
the constraints (30).

During the calculations, the trolley velocity
and the boom velocity were determined, and
then their maximum values were determined. If
the maximum linear velocity of the trolley ex-
ceeded the maximum value of 0.8 m/s, this
meant that the acceptable limit was exceeded.
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In this case, the penalty function P, became

large.
The penalty function P, " worked in a simi-

lar way. In the case when the constraints (30)
were met, both penalty functions were equal to
zero. The use of penalty components made it
possible to provide constraints on the maximum
velocities of the boom and trolley.

Thus, the problem of synthesising an optimal
trajectory was presented in the form of an un-
constraint optimisation problem:

Cr(A, Ay Ay Ay By, By, By By T) =
=T+P,+P, +

+ (A, A, A, A, By, B, B,, B,)| - min,
where 1 — is a regularisation factor that ensures
the importance of reducing the coefficients Ao,
A1, A2, Az and By, B1, B2, Bs. The introduction
of the regularisation component in the objective
function was due to the fact that it allows find-
ing solutions to problems (1a), (28)-(30) with
insignificant values of the coefficients Ao, As,
Az, Az and Bo, B1, Bz, Bz. This will reduce the
fluctuation of the solution, which will have a
positive impact on the practical implementation
of the results obtained.

(35)

Thus, the problem is to determine the opti-
mal values of the corresponding coefficients Ao,
A1, A2, As and Bo, Bs, B2, Bz, which determine
the shape of the trajectory and the duration of
the movement T.

The VCT-PSO numerical optimisation
method [11] was used to solve the optimisation
problem. The number of iterations was 200, and
the dimension of the swarm was 20. The search
arguments varied from -100 to 100. As a result
of the optimisation procedure, it was possible to
find the values of the parameters that ensured
the minimum time for moving the load from
point A to point B while meeting all the condi-
tions of the problem. The optimal travel time
was determined in accordance with the found
values of the control coefficients.

Fig. 3 shows the plots of convergence of the
objective function (35) when applying the
VCT-PSO method for different variants of
solving the problem. The plots show the de-
pendence of the objective function convergence
on the iteration number for three calculation op-
tions: 1) without regularisation (4=0; 1=5 m)
(Fig. 3, a); 2) with regularisation (1=0.1; I=5m)
(Fig. 3, b); 3) with regularisation and a changed
length of the flexible suspension (1=0.1; 1=2.5

m) (Fig. 3, q).

Cr
)

a

Fig. 3. Plots of convergence of the objective function (35) for the cases of calculations: a) the first; b) the

second; c) the third

For the first case, a stable value of the objec-
tive function is quickly reached after about the
40th iteration. The initial fluctuations in the
function values are small and disappear quite
quickly. For the second variant, the optimised
value of the objective function is higher than for

18

the first. In addition, the algorithm's conver-
gence process is somewhat slower. This indi-
cates that regularisation increases the topologi-
cal complexity of the objective function.

For the third calculation variant, reducing
the length of the flexible suspension practically
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does not change the nature of the algorithm's
convergence compared to the second variant,
but slightly reduces the achieved value of the
objective function.

This indicates that a shorter length of the
flexible suspension allows achieving a better
optimal value of the objective function.

In addition, Table I shows the numerical val-
ues of the obtained coefficients Ao, A1, A2, As,
Bo, By, B2, Bz and the duration of the movement
T.

All plots are presented in three variants of
calculations, which made it possible to compare
the results and analyse each of the variants of
the problem solved (Fig. 4). In Fig. 4, the left
column of the plots corresponds to the first var-
iant of the problem, the right column - to the
second, and the lowest column - to the third.

Table I. Coefficients Ao, A1, Az, As, Bo, By, B2, Bz and movement duration T for the solved problems

Numerical values of the objective Problem parameters
function arguments A=0;1=5m A=0.1; I=5m A=0.1;1=25m
Ao 62.4987 8.52567 0.11311
A -61.4522 -1.1071 -2.06183
A -98.4453 -5.41954 -1.34649
Az -99.124 -4.3217 -1.31595
Bo 98.4241 -8.89722 -0.0472256
B, -100 -3.6694 -0.021498
B> 10.4286 -1.27586 0.217561
Bs 43.9062 -1.32075 -0.327916
T 17.8862 25.7081 26.1023
ay, m ay,m *%
U™ e
o.osb\‘ Y
av, m/s “,‘ Av, m/so'ooo‘\:‘
-o.og\x,, - e :v'hfdﬁdé”»».,,
0.00 Y 000
4x, m Ax,m 002 )

ay,m

-0.02"

0005
Av, m/so'000 b

-0.005 |

~0010}
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Fig. 4. Plots of the characteristics of the movement of tower crane mechanisms and load according to
optimal laws: a) non-classical phase trajectory of load movement b) trolley movement velocity; c)
phase trajectory of the pendulum oscillations of the load in the plane of movement of the trolley; d) to-
tal driving force of the drive of the trolley movement mechanism

From Fig. 4, it can be seen that the introduc-
tion of the regularisation component A = 0.1 in
the structure of the objective function (35) al-
lowed to significantly reduce the amplitude of
the load oscillations. The value of Ax decreased
from about 0.20 m to 0.04 m. The amplitude 4y
decreased from 0.10 m to 0.04 m, and the ve-
locity Av decreased from 0.20 m/s to 0.02 m/s.
In addition, the regularisation completely elim-
inated repeated oscillation cycles, ensuring a
smooth decay of the trajectory in one cycle. Re-
ducing the length of the flexible suspension
from 5 m to 2.5 m during regularisation slightly
increased the maximum deviations (4x in-
creased to 0.10 m and 4v to 0.06 m/s), but at the
same time significantly accelerated the damp-
ing of the oscillatory movement of the load.

The described tool for analysing the oscilla-
tory motion of a pendulum system is new; it al-
lows analysing the motion in the 4x, Ay and Av
coordinates, which reflect the deviation of the
load from the suspension point in position
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(along the x and y axes) and the difference be-
tween the absolute velocities of the suspension
point and the load itself. The use of this tool
made it possible to obtain complete and clear
information about the system's dynamic behav-
iour. In particular, it became possible not only
to qualitatively assess the nature of the load's
oscillations, but also to quantitatively trace their
amplitude and decay rate. Visualisation of the
movement in the selected coordinates made it
possible to clearly determine whether the oscil-
latory process is completed before the system
stops completely. The graphical method (Fig. 3,
a) clearly illustrates the pendulum behaviour of
the load and simplifies dynamic analysis.

From Fig. 4, b) shows that the introduction
of regularisation for a 5 m long suspension
made it possible to reduce the amplitude of the
trolley's velocity from the range of -
0.033...40.027 m/s to -0.014...+0.003 m/s, and
also reduced the oscillation damping time by
half. Reducing the length of the suspension to
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2.5 m slightly increased the amplitude to -
0.019...40.002 m/s, but at the same time accel-
erated the decay process even more (by 30 %).
From Fig. 4 c) shows that with the use of the
regularisation component, the amplitude of the
load's linear deflection drops from 0.04 to 0.01
m, the velocity from 0.03 to 0.005 m/s, and the
oscillation damping time from 12 to 6 s. With a
shorter length of the flexible suspension (1 =2.5
m), the amplitude of the load oscillations in-
creases to 0.015 m, the velocity - to 0.008 m/s,
but the damping time is reduced to 4.2 s (by
30%). From Fig. 4, d) shows that the use of the
regularisation component reduces the force
from 850 to 800 N (5.88%) and the force curve
profile becomes single-peaked. Atl=2.5m, the
force increases to 820 N (2.5%), and the damp-
ing time decreases to 4.8 s (20%).

Thus, it can be said that the use of the regu-
larisation component significantly reduces the
amplitude of load oscillations by 75-84%, elim-
inates additional oscillation cycles and reduces
the decay time by 50% (from 10-12 s to 5-6 s).
The peak driving torques are reduced by
46.15% (from 65 to 35 kN-m) and the force by
5.88% (from 850 to 800 N), which ensures sta-
ble movement. Reducing the length of the sus-
pension to 2.5 m increases the amplitude of os-
cillations by 50-60%, but reduces the oscilla-
tion damping time by 20-30% (from 5-6 s to
3.5-4.8 s) and shortens the oscillation period.
The peak driving torque decreases by 5.71% (to
33 kN-m), while the force increases by 2.5% (to
820 N).

For a more complete analysis of the results
obtained, we calculated separate evaluation in-
dicators for the three cases under consideration
(Table 11). The analysis of the data in Table Il
allows us to establish the following patterns of
influence of the regularisation parameter A on
the qualitative and quantitative indicators of
tower crane movement: 1) the duration of the
movement increased by 43.7% (from 17.89 s to
25.71 s); 2) the maximum acceleration of the
trolley and boom significantly decreased by
77.3% and 56.5%, respectively; 3) the maxi-
mum driving force in the rope decreased by
2.55% (from 848.95 N to 827.33 N); 4) the
maximum driving torque of the slewing mech-
anism decreased by 50.2% (from 72676.9 to
36201.5 N-m); 5) the maximum power of the
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trolley movement mechanism decreased by
43.5% (from 19.93 to 11.26 W) and the maxi-
mum power of the crane slewing mechanism
decreased by 46.8% (from 5081.6 to 2705.5
W). In addition, the rms values of the indicators
(acceleration, deflection, driving forces, mo-
ments, power) have also significantly
decreased, indicating smoother movement and
reduced dynamic loads.

Thus, although the introduction of regularisa-
tion increases the movement duration by ap-
proximately 44%, it provides a significant re-
duction in dynamic loads, driving forces and
power consumption of the drives, which re-
duces equipment wear and avoids unnecessary
changes in the direction of movement of the
electric drive.

The effect of reducing the length of the flex-
ible suspension (from I=5 m to I=2.5 m) was an-
alysed and the following patterns were estab-
lished: 1) the duration of the movement de-
creased by 35.8% (from 25.71 to 16.50 s); 2)
the maximum acceleration of the trolley in-
creased significantly (from 0.0027 to 0.2968
m/s?); 3) the acceleration of the boom decreased
by 39.9% (from 0.0145 to 0.0087 m/s?); 4) the
maximum load deflection in the plane of the
boom increased 5.7 times (from 0.0296 to
0.1696 m); 5) the maximum driving force in the
rope of the trolley movement mechanism was
significantly reduced by 27% (from 827.33 to
603.70 N); 6) the maximum driving torque of
the crane slewing mechanism was reduced by
another 28.8% (from 36201.5 to 25758.2 N-m).

Thus, it can be said that the introduction of
regularisation (1=0.1) is recommended, as it re-
duces dynamic loads, wear and tear on mecha-
nisms, and eliminates the need for frequent re-
versal of the trolley and boom drive

CONCLUSIONS

1) As a result of solving the inverse kine-
matics problem, the laws of change in the coor-
dinates z (position of the trolley) and ¢ (angle
of rotation of the boom) were determined,
which ensure the implementation of a given tra-
jectory of load movement, taking into account
its pendulum movement.

ISSN(online)2709-6149. Mining, constructional,
road and melioration machines, 106, 2025, 12-25



FPHNYI TA TTIAHIMAABHO-TPAHCIIOPTHI MALLHA

Table I1. Estimated indicators of movement of tower crane mechanisms and load according to optimal

laws
Evaluation indicator Units Problem parameters
A=0; 4=0.1; 2=0.1;
I=5m I=5m I=2.5m
1 2 3 4 5
Maximum acceleration of the trolley m/s? 0.0119067 | 0.00269883 | 0.296796
Maximum boom acceleration rad/s? 0.0332584 | 0.0144578 | 0.0086886
Maximum load deflection in the boom m 0.0318426 | 0.0296264 0.169644
plane
Maximum load deflection in the plane rad 0.0098043 | 0.00375357 | 0.0122082
perpendicular to the boom plane
Maximum value of the driving force in N 848.953 827.329 603.697
the rope of the trolley movement mecha-
nism
Maximum value of the driving torque of N'm 72676.9 36201.5 25758.2
the crane slewing mechanism
Maximum power value of the trolley W 19.925 11.2623 655.725
movement mechanism
The maximum power value of the crane W 5081.6 2705.48 715.696
slewing mechanism
Length of the trajectory of the load sus- m 12.8401 12.8816 12.2126
pension point
Length of the load path m 12.868 12,9048 12.2364
Movement duration S 17.8862 25.7081 16.4959
RMS value of trolley acceleration m/s? 0.00571288 | 0.00133661 | 0.202165
RMS value of boom acceleration rad/s? 0.0170559 | 0.00939566 | 0.00534436
RMS value of load deflection in the boom m 0.0204486 | 0.0148506 0.112766
plane
RMS value of load deflection in the plane rad 0.00477456 | 0.00244031 | 0.00619055
perpendicular to the boom plane
RMS value of the driving force in the N 661.355 635.491 341.55
rope of the trolley movement mechanism
RMS value of the driving torque of the N-'m 33073.6 20913.2 15159.5
crane slewing mechanism
RMS power value of the crane slewing w 2165.93 1272.9 364.899
mechanism

2) The initial and final conditions of the load
movement are determined, which describe the
resting state of the system at the beginning and
end of the movement. These conditions are ex-
pressed in terms of the coordinates of the load,
trolley and boom, as well as their velocities. On
this basis, the boundary conditions are further
derived exclusively for the positions of the load
and their higher time derivatives.

3) The problem of trajectory optimisation is
set, which involves minimising the duration of
load movement, subject to the given constraints
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on the maximum velocity of the trolley and the
boom rotation. The original problem is reduced
to an unconstraint optimisation problem by in-
troducing penalty functions. Its solution is ob-
tained as a superposition of polynomial func-
tions.

4) The analysis of the optimisation results
showed a significant positive impact of regular-
isation (1=0.1), including a significant reduc-
tion in the amplitudes of load oscillations, a de-
crease in driving forces and moments, a reduc-
tion in the number of cycles of pendulum oscil-
lations of the load, and the elimination of the
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need to change the direction of movement of the
trolley and boom. On the other hand, the han-
dling time has increased by approximately
43.7%.

5) Reducing the length of the flexible sus-
pension from 5 m to 2.5 m reduced the move-
ment time, reduced peak driving torques and
forces, but led to a significant deterioration in
dynamic performance and a significant increase
in power consumption of the trolley movement
mechanism.
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CuHTe3 ONTUMATBHUX TPAEKTOPIN nepemi-
LIeHHSI BAHTAXKY CTPiI0BUM KPaHOM

FOpiti Pomacesuu
LImumpo Benukoisanenxo

Hayionanenuii ynisepcumem 6iopecypcie i npupo-
Odokopucmyganus Ykpainu

AHoTamisi. Y cTaTTi po3risgaeTbes npodiiema
CHHTE3y ONTUMAIBbHHUX TPAEKTOPiil MepeMilieHHs
BaHTa)XXy OAaIITOBMM KPaHOM 3 METOIO ITiIBUIICHHS
MPOAYKTHBHOCTI Ta O6e3meku iioro podotu. Po3po0-
JICHO TUHAMIYHY MOJENb CHUCTEMH, IIO0 BKIHOYAE
CTpiTy, BI3OK 1 BaHTaX, MiBIIIEHUI Ha THYYKOMY
KaHAaTi, 3 ypaXyBaHHSIM MasiTHUKOBUX KOJIMBaHb Ba-
HTaxy. /1711 BU3HAaYEHHS 3aKOHIB PyXy CTpiJK Ta Bi-
3Ka, AKi 3a0e3MeUyrTh 3a/laHy TPAa€EKTOPII0 BaH-
TaXy, PO3B’A3aHO OOEpPHEHY 3alJady KiHEMaTHKH.
3anpornoHOBaHO ONTUMI3AIIHHUE MIAXid, CIPSIMO-
BaHMI Ha MiHIMi3al[il0 TPUBAIOCTI TPAHCIOPTY-
BaHHs BaHTaXy 32 YMOB JOTPUMaHHS KiHEMaTHY-
HUX 1 TUHAMIYHUX OOMEXEHb, 30KpeMa MaKCHUMaJlb-
HUX HIBHJKOCTEH pyXy Bi3Ka Ta 00epTaHHS CTPiIH.
st 3a0e3neueH s MIaBHOCTI PyXY Ta 3MEHILEHHS
OUHAMIYHUX HaBAaHTAXEHb 3aCTOCOBAHO METOIH
perynspu3aitii, sKi J03BOJNSIOTh 3HU3UTH aMILIi-
TyJdy KOJHMBaHb BAaHTaXy Ta YCyHYTH HeOaxaHi
3MIHH HaIpsIMKy pyXy MexaHi3MiB. YucenbHe
PO3B’sI3aHHS 33124l ONTUMI3allil BAKOHAHO 3a JI0T0-
MOTOI0 MOJU(IKOBAHOTO METOAY PO HYACTHHOK
(VCT-PSO), skuit mpoJeMOHCTPYBaB e(eKTHB-
HICTB Y 1001 ONTHUMAIBHUX [TAPaMETPiB TPAEKTO-
pii. IlpoBeneHo aHami3 BIUIMBY peryisipu3aliii Ta
JIOBKMHU THYYKOTO ITiJIBICY HA TUHAMIYHI XapaKTe-
PUCTUKH CHUCTEMH, 30KpeMa aMILUITy1y KOJHBAaHb,
MIKOBI 3yCHJUIS Ta MOMEHTH, a TaAKOX TPUBAIICThH
pyxy. Pesynbraté mokasyroTh, 10 BHKOPHUCTAHHS
perynspuzanii 3Ha4YHO 3HIKYE AMHAMIYHI HABaHTa-
JKEHHSI Ta IMiJIBUINY€ CTaOlIbHICTh PyXy, X04a i 30i-
JBIIIye 4Yac TpaHcnopryBaHHs. CKOpPOYEHHS JOB-
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KUHU MiIBiCY 3MEHIIY€E Yac pyxy, ajileé MOXKe IpHU3-
BOJWTH JIO 3pOCTAHHS aMILTITY 1 KOJIMBaHb. 3ampo-
MMOHOBAHO HOBWH IHCTPYMEHT aHaNi3y IWHAMIKA
CUCTEMH B KOODAHMHATaX BiIXWIEHb Ta PIi3HUII
IIBUIKOCTEH, SIKUH 3a0e31edye Ha04HY OILIHKY KO-
JTUBAJLHOTO MPOIIECY Ta MiATBEPIKYE BUKOHAHHS
rpaHnYHUX YMOB. OTpUMaHi pe3yJIbTaTH MOXYTh
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OyTH BUKOpPUCTaHI JJIs BIIOCKOHAJICHHS CUCTEM Ke-
pyBaHHA OAIITOBAMH KpaHAMHM Ta ITiIBUIICHHS iX-
HBOT e(peKTHBHOCTI Ha OyiBEIbHUX MalJaHIHUKaX.
KarouoBi cioBa: OamtoBuil KpaH, TpaekTopis
BaHTaXy, 0OepHEHa KiHEMaTHKa, ONTHMi3allis, Iu-
Hamika MasitHuKa, VCT-PSO, perymspuzartis.
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